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Abstract

The notion of contact algebra is one of the main tools in the region
based theory of space. It is an extension of Boolean algebra with an ad-
ditional relation C, called contact. Standard models of contact algebras
are topological and are the contact algebras of regular closed sets in a
given topological space. In such a contact algebra we add the predicate
internal connectedness with the following meaning - a regular closed set
z is internally connected if and only if Int(z) is a connected topological
space in the subspace topology. We obtain an axiomatization of the the-
ory, consisting of the universal formulas, true in all topological contact
algebras with added relation internal connectedness.

Keywords: mereotopology, contact algebras, extended contact algebras,
internal connectedness, topological representation.

1 Introduction

In classical Euclidean geometry the notion of point is taken as one of the basic
primitive notions. In contrast the region-based theory of space (RBTS) has
as primitives the more realistic notion of region as an abstraction of physical
body, together with some basic relations and operations on regions. Some of
these relations are mereological - part-of (z < y), overlap (zOy), its dual un-
derlap (xay) Other relations are topological - contact (zCy), nontangential
part-of (z < y), dual contact (m@y) and some others definable by means of
the contact and part-of relations. This is one of the reasons that the exten-
sion of mereology with these new relations is commonly called mereotopology.
There is no clear difference in the literature between RBTS and mereotopology,
and by some authors RBTS is related rather to the so called mereogeometry,
while mereotopology is considered only as a kind of point-free topology, consid-
ering mainly topological properties of things. The origin of RBTS goes back
to Whitehead [36] and de Laguna [21]. According to Whitehead points, as well
as the other primitive notions in Euclidean geometry like lines and planes, do
not have separate existence in reality and because of this are not appropriate
for primitive notions; but points have to be definable by the other primitive
notions.

Survey papers about RBTS are [32, 5, 14, 24] (see also the handbook [1]
and [4] for some logics of space). Surveys concerning various applications are
[6, 7] and the book [15] (see also special issues of Fundamenta Informaticee[9]
and the Journal of Applied Nonclassical Logics [3]). RBTS has applications
in computer science because of its more simple way of representing qualitative
spatial information and it initiated a special field in Knowledge Representation



(KR) called Qualitative Spatial Representation and Reasoning (QSRR). One of
the most popular systems in QSRR is the Region Connection Calculus (RCC)
introduced in [25].

The notion of contact algebra is one of the main tools in RBTS. This notion
appears in the literature under different names and formulations as an extension
of Boolean algebra with some mereotopological relations [35, 27, 33, 34, 5, 11,
8, 10]. The simplest system, called just contact algebra was introduced in [8] as
an extension of Boolean algebra B = (B,0,1,-,+, *) with a binary relation C'
called contact and satisfying several simple axioms:

(C1) If aCb, then a # 0 and b # 0,

(C2) If aCb and a < ¢ and b < d, then ¢Cd,
(C3) If aC'(b + ¢), then aCb or aCe,

(C4) If aCb, then bCa,

(C5) If a - b # 0, then aCb.

The elements of the Boolean algebra are called regions and are considered as
analogs of physical bodies. Boolean operations are considered as operations for
constructing new regions from given ones. The unit element 1 symbolizes the
region containing as its parts all regions, and the zero region 0 symbolizes the
empty region. The contact relation is used also to define some other important
mereotopological relations like non-tangential inclusion, dual contact and others.

The standard model of Boolean algebra is the algebra of subsets of a given
universe. This model cannot express all kinds of contact, for example, the
external contact in which the regions share only a boundary point. Because
of this standard models of contact algebras are topological and are the contact
algebras of regular closed sets in a given topological space.

In [30] is presented a complete quantifier-free axiomatization of several logics
on region-based theory of space, based on contact relation and connectedness
predicates ¢ and ¢=", and completeness theorems for the logics in question are
proved. It was shown in [30] that ¢ and ¢=" are definable in contact algebras
by the contact predicate C. The predicates ¢ and ¢=" were studied for the first
time in [22, 23] (see also [32]). The expressiveness and complexity of spatial
logics containing ¢ and ¢=" has been investigated in [16, 17, 18, 19, 20]. In
this paper we consider the predicate ¢° - internal connectedness. Let X be a
topological space and x € RC(X). Let ¢°(x) means that Int(x) is a connected
topological space in the subspace topology. We prove that the predicate of
internal connectedness cannot be defined in the language of contact algebras.
Because of this we add to the language a new ternary predicate symbol F which
has the following sense: in the contact algebra of regular closed sets of some
topological space a,bt ciff anb C c. It turns out that the predicate ¢° can be
defined in the new language. We define extended contact algebras as Boolean
algebras with added relations F, C' and ¢°, satisfying some axioms, and prove
that every extended contact algebra can be isomorphically embedded in the
contact algebra of the regular closed subsets of some compact, semiregular, Tj
topological space with added relations - and ¢°. So extended contact algebra
can be considered an axiomatization of the theory, consisting of the universal
formulas true in all topological contact algebras with added relations - and c°.



Figure 1: The topological space (X, O)

2 Undefinability of internal connectedness

Let X be a topological space and € RC(X). Let ¢°(x) means that Int(x) is
a connected topological space in the subspace topology.

Proposition 2.1 There does not exist a formula A(z) in the language of con-
tact algebras such that: for arbitrary topological space, for every regular closed
subset x of this topological space, c°(x) iff A(x) is valid in the algebra of reqular
closed subsets of the topological space.

Proof. Suppose for the sake of contradiction that there exists a formula A(x)
in the language of contact algebras such that: for any topological space, for
every regular closed subset z of this topological space, ¢°(z) iff A(z) is valid in
the algebra of regular closed subsets of the topological space.

We consider the topological space (X, 0), where X = {1,2,3,4,5,6,7} and
the topology is defined by an open basis: {{1,2,3}, {7}, {2,5,7}, {3,6,7}, {2},
{3}, X, 0} (see Figure 1).

It can be easily verified that the open sets are {1, 2,3}, {7}, {2,5,7}, {3,6, 7},
{2}, {3}, {2,3,5,6,7}, {1,2,3,5,6,7}, {1,2,3,7}, {2,7}, {3,7}, {2,3}, {2,3,7},
{1,2,3,5,7}, {1,2,3,6,7}, {2,3,5,7}, {2,3,6,7}, X, 0. It can be easily verified
that the regular closed sets are {4,5,6,7}, {1,2,3,4,5,6}, {1,2,4,5}, {1,3,4,6},
{1,2,4,5,6,7}, {1,3,4,5,6,7}, X, 0.

We consider the subspace of X, Y = X\{1}. It can be easily proved that:

Inty (c\{1}) = Intxc\{1} for every c - closed subset of X (2.1)
Using (2.1) and the fact that for every ¢, Clyt = ClxtNY = Clxt\{1}, we

prove that RC(Y) = {a\{1}: z € RC(X)}.
We define a function f from RC(X) to RC(Y) in the following way:

¢ it1¢t
f(t):{ A1} dflct



It can be easily proved that f is an isomorphism from (RC(X), <,0, X, -, +,*,C)
to (RC(Y),<,0,Y, -, +,%,C).

Let a = {1,2,3,4,5,6}. We will prove that a is internally connected. Since
Intxa = {1,2,3}, therefore the closed sets in Int(a) are: {1,2,3}, 0, {1,2}, {1, 3},
{1}. Thus, Int(a) cannot be represented as the union of two non-empty dis-
joint closed sets and hence Int(a) is connected. Consequently a is internally
connected.

Let b ={2,3,4,5,6}. Intyb={2,3}. We will prove that b is not internally
connected. We will prove that {2, 3} is not connected. Since {2,3} = {2} U{3},
it suffices to prove that {2} and {3} are closed in {2,3}. Remark that {2,4,5}
is closed in Y and hence {2} = {2,4,5} N {2,3} is closed in {2,3}. Remark
that {3,4,6} is closed in Y and hence {3} = {3,4,6} N {2, 3} is closed in {2, 3}.
Consequently {2,3} is not connected, i.e. b is not internally connected.

We have a € RC(X), c°(a). Consequently A(a). Now consider the topo-
logical space Y. Using b € RC(Y) and —c°(b), we have —A(b). We also have
b= f(a). (RC(X),<,0,X,-,+,%,C)and (RC(Y),<,0,Y, -, +, %, C) are isomor-
phic structures for the language of contact algebras, A is a formula in the same
language. Consequently: A(a) is true in (RC(X)...) iff A(f(a)) i.e. A(D) is
true in (RC(Y)...). We have proven that A(a) is true in (RC(X)...); so A(b)
is true in (RC(Y)...) - a contradiction. [J

3 Definability of internal connectedness in an
extended language

Let X be a topological space. We define the relation - in RC(X) in the following
way: a,bFciff and Cc.

Proposition 3.1 Let X be a topological space. For every a in RC(X), ¢°(a)
ifVOVe(b£AO0ANc#A0ANa=b+c— b,c¥Fa®).

Proof. —) Let ¢°(a). Let b,c € RC(X), b#0,¢c # 0, a =b+c. We will
prove that b,c¢ ¥ a*. We have a* = Clxy — a = —Intxa. Suppose for the
sake of contradiction that b,c - —Intxa. It follows that bNe C —Intxa (1).
Suppose for the sake of contradiction that bNIntxa = (). We also have a = bUc
and consequently Intxa C c¢. We will prove that Intxb = (). Suppose for the
sake of contradiction that Intxb # 0. Using Intxa C ¢ and (1), we have that
IntxbNIntxa =0, but Intxb # 0, so Intxa # Intxa U Intxb (2). We have
a = bUc. Consequently Intxa U Intxb C a, but Intxa U Intxb is an open
set, so Intxa U Intxb C Intxa, i.e. IntxaU Intxb = Intxa - a contradiction.
Consequently Intxb = 0. We have b € RC(X), so b = ClxIntxb= Clx0 =0
- a contradiction. Consequently b N Intxa # (). Similarly ¢ N Intxa # 0. Let
by =bNIntxa, c; = cNintxa. We have byUcy = Intxan(bUc) = IntxaNa =
Intxa. From a = bUc and (1) we get by Nc; = 0. We have Intxa = by Ucy,
by #0,c1 #0, by Necy =0, by and ¢; are closed in Intxa and therefore Intxa
is not connected, i.e. a is not internally connected - a contradiction.

) Let Vb,c € RC(X)(b#0Ac#0ANa=b+c— b,ckFa*). We will prove
that Intxa is connected. Suppose for the sake of contradiction that Intxa
is not connected. Consequently there are by, ¢; - closed in Intxa, such that
Intxa =b;Ucy (1), by #0,c1 #0, by Nep = 0. We have by = bN Intxa,



c1 = cNIntxa, where b and ¢ are closed in X because by and ¢; are closed in
Intxa. Let b/ = Clxby, ¢ = Clxcy. a and b are closed setsin X, by C b, b1 C a
and therefore ¥’ C b, b’ C a. Similarly ¢/ C ¢, ¢ C a. Suppose for the sake of
contradiction that a € b U¢’. b" and ¢ are closed in X and consequently b’ U ¢/
is closed in X. From b; C ¥, ¢; C ¢, (1) we obtain that Intxa C b U/, but
b’ U is closed in X and consequently ClxIntxa C b Uc'. We have b’ U C q,
b Uc # a. Consequently ClxIntxa # a - a contradiction with a € RC(X).
Consequently a C ¥ U ¢ and thus @ = b’ U’ (3). We have ¢; = ¢N Intxa,
Intxa = by Ucy, by Nep = 0 and therefore by = —c N Intxa. We have that
c is closed in X and hence —c is open in X; Intxa is open in X; so by is
open in X, but by C V', so by C Intxl’'. Suppose for the sake of contradiction
that Intxb’ # by. From (3) we get Intxb’ C Intxa (4). From Intxa = by Ucy,
by C Intxl', by # Intxb', (4) we obtain ¢y NIntxb' # (O, but Intxd C ¥ C b, so
c1Nb# . Consequently bNIntxanNcy # 0, but b Intxa = by, so by Ney # 0
- a contradiction. Consequently Intxbd = b;. V' = Clxb; = ClxIntxb, so
b € RC(X). Similarly ¢ € RC(X). We also have b',¢ # 0, a =¥ + ¢, so
VNd ¢ a*=—Intxa. Consequently b’ N NIntxa# 0, but ¥’ Cb, ¢ Ce, so
bNncNintxa # 0, ie (bNIntxa)N(cNIntxa)# Q. Consequently by Ncy # 0
- a contradiction. Consequently Intxa is connected, i.e. ¢°(a). O

4 Extended contact algebras

In this section we give an axiomatization of the relation a,b F ¢ used in the
characterization of the predicate c®(a) of internal connectedness given in Sec-
tion 3.

Definition 4.1 Eztended contact algebra (ECA, for short) is a system B =
(B,<,0,1,-,+,%,,C,c°), where (B,<,0,1,-,+, %) is a nondegenerate Boolean
algebra, = is a ternary relation in B such that the following azioms are true:
(1) a,bFc—batc,

(2)a<b—a,atb,

(3) a,bt a,

(4) a,bF 2z, a,bby, z,ykFc—ablc,

(5) a,bFc—a-b<eg,

(6) a,bFc—a+x,bbFc+ux,

C is a binary relation in B such that for all a, b € B: aCb <> a,bF 0. ¢° is a
unary predicate in B such that for all a € B: ¢®(a) <> V0Ve(b#O0Ac#O0ANa =
b+c—b,c¥a*).

Lemma 4.2 If B=(B,<,0,1,-,+,%,t,C,c°) is an ECA, then C is a contact
relation in B and hence (B,C) is a contact algebra.

Proof. Routine verification that the axioms of contact Cy - C5 are true. [J

The above lemma shows that the notion of ECA is a generalization of contact
algebra.

The next lemma shows the standard topological example of ECA.

Lemma 4.3 Let X be a topological space and RC(X) be the Boolean algebra of
regular closed subsets of X. Let for a,b,c € RC(X):
aCb iff anb # 0,



a,bFciffanbCec

A (a) iff Int(a) is a connected subspace of X .

Then, together with this relations, the Boolean algebra RC(X) is an ECA,
called topological ECA over the space X .

Proof. Tt can be easily verified that the axioms (1)-(6) of ECA are true and
for all a, b € RC(X): aCb + a,b ¥ 0. Using proposition 3.1, we get that for
every a € RC(X) we have c®(a) <> VbVe(b#0Ac#0Aa=b+c— b,c¥F a*).
O

Our aim is to prove that every ECA can be isomorphically embedded into a
topological ECA over a certain topological space X, which will be done in the
next section. This will show that the chosen axioms for ECA are right.

Remark 4.4 Using axioms (2) and (5), we see that in an ECA B a < b +
a,at b for every a,b € B, i.e. the predicate symbol < can be removed from the
language.

5 A consequence relation

Definition 5.1 Let (B,<,0,1,-,4,*,,C,c°) be an ECA. We inductively de-
fine the binary relations Fq, F1, ... between subsets of B and elements of B as
follows:

SbomﬂxES
Sﬁn_,_la:%i{ﬂxl,m: r1,x9 Fx, SFE x1, SFE, x2, where k1,ka <n
SExz® In: Sk,

Before being able to present a proof of a representation theorem of EC-
algebras we will need several lemmas.

Lemma 5.2 If Sk, y and S C S’, then S" &, y.

Proof. An induction on n.

Case 1: n=0

Let SEgyand S CS’. We have y € S and consequently y € S/, i.e. S'Fgy.
Case 2: n >0

Let S F, y and S C S’. We will prove that S’ F,, y. From S F, y,n > 0
we get that there are x1, zo such that z1,22 F y, S Fr, x1, S Fr, x2, where
k1,ko < n. Using S Fy, x1, S Fg, o2, S C S and the induction hypothesis, we
have S’ Fy, x1, S’ Fi, za. Consequently S’ F, y. O

Lemma 5.3 If SE, y and n <n’, then S E, y.

Proof. Let S F, y and n < n’. We will prove that S E, y.

Case 1: n=0

By induction on n’ we will prove that Vn'VSVy(S Fo y and 0 <n' — S E, y).
Case 1.1: n' =0

Obviously VSVy(S Egy and 0 <0 — S Eq ).

Case 1.2: n' >0

Let SC B,y € B, SEgyand 0 <n'. We will prove that S F,, y. From n’ > 0
we have 0 < n’ — 1. By the induction hypothesis we obtain that VSVy(S Eq y



and 0 <n' —1— SE, _; y). Consequently S E,,_; y. We also have y,y -y
(from axiom (2)). Consequently S F,/ y.

So we proved that Vn'VSVy(S Fo y and 0 < n’ — S F,» y). We also have
S Egy and 0 < n’. Consequently S E,/ y.
Case 2: n >0
From S F, y, n > 0 we get that there are x1, z2 such that x1,2x2 Fy, S Fr, z1,
S Eg, T2, where kq, ks < n. But we have n < n/; so ki, ks < n’. Consequently

Lemma 5.4 If SFEx and x <y, then S F y.

Proof. Let S F z and x < y. We will prove that S F y. From z < y and axiom
(2) we have that z,z - y (1). From S F x we obtain that: S k, = for some
n (2). From (1) and (2) we have S F,41 y,ie. SEy. O

Lemma 5.5 If {z} USFy, {ytUSFE z, then {z} USF 2.

Proof. Let {z} US EF y, {y} US E z. We will prove that {z} US F z.
We have {y} U S k,, z for some ng. By induction on n we will prove that
VYavt({z} US Ey, {yUSE, t — {x} US F t). Let n be a natural number
and Vn' < nVt({z} U S Fy, {ytUSEy t = {z} US E t). We will prove that
Vi({z}US Ey, {y}USE,t = {z}USE). Lett € B, {x}US Ey, {y}USE, t.
We will prove that {z} U S E t.

Case 1: n =0

Case 1.1: t=y

Obviously {z} US E .

Case 1.2: t £y

We have {y} U S E¢ t. Consequently t € {y} US, but t # y, sot € S.
Consequently {z} U S Eq t.

Case 2: n >0

We have {y} US E, t, n > 0. Consequently there are t1, to such that t1,ts - ¢,
{y} U S Fyi, t1, {y} US Eyg, ta, where kq, ko < n. By the induction hypothesis
for ki, ko, we get {x} US E t1, {£} US E t5. Consequently {z} U S E;, t1,
{z} U S Ey, ta for some integers 1, l5. Let [ be the greater among l; and ls.
We have {z} U S F; t1, {} US F; t2 by lemma 5.3; t1,t2 b ¢; consequently
{z}USEj41 ¢, 1e. {z} USEL.

We proved that VnVt({z} US Fy, {y}USE,t = {z} US Et). We also have
{z}USEy, {y} USE,, z. Consequently {z}USF 2. O

Lemma 5.6 If {z1}USFy, {z2} USE y, then {z1 + 22} US Fy.

Proof. Let {z1} US Ey, {z2} US Ey. We will prove that {z1 + 22} US F .
There is a ng such that {1} U S F,, y, {z2} US E,, y. We will prove by
induction on n that:

() VnVuvowWw({ut US E, v = {u+ wlUS E v+ w)

Let n be a natural number and V¢ < nVuVoVw({u} USEF, v — {u+w}USE
v+ w). We will prove that VuVoVw({u} US E, v = {u+w}US E v+ w). Let
u,v,w € B and {u} US F, v. We will prove that {u +w}USF v+ w.

Case 1: n =0

Case 1.1: ve S

We have {u+w}US Eg v and by lemma 5.4, we obtain that {u+w}US E v+w.



Case 1.2: v ¢ S

We have {u} U S Eq v, v ¢ S. Consequently v = u. It is sufficient to prove that
{v+w}US E v+ w which obviously is true.

Case 2: n >0

We have {u}US F,, v, n > 0. Consequently there are vy, vy such that vy, v b v,
{u}US Eg, v1, {u} US Eg, va, where k1, k2 < n. From the induction hypothesis
for k1 and ko we get that {u+w}US Fv1+w (1) and {u+w}US F vy +w (2).
From vy, v2 b v and axiom (6) we obtain v1 +w, va F v+ w; 80 va,v1 +w F v+w
(by axiom (1)); so vy +w,v1 + w F v+ w + w (by axiom (6)); consequently
vy +w,va +w F v+ w (3) (by axiom (1)). Using (1),(2) and (3) we have
{u+wtUSkFv+w.

We proved that () is true. From (%) and {z1} U S E,, y we get that
{r1 + 22} US E y+ 29 (4). From (%) and {2} U S F,, y, we obtain that
{za+ylUSEy+y, ie {y+az2}USEy (5). Using (4), (5) and lemma 5.5,
we have {z1 + 22} USEy. O

Lemma 5.7 Let S E x. Then there is a finite nonempty subset of S, Sy, such
that Sp F x.

Proof. We will prove by induction on n that VnVz(S E,,  — 3 finite nonempty
subset Sy of S such that Sy F, z).

Case 1: n=0

Let S Fg x. Consequently € S. Thus {z} is a finite nonempty subset of S
and {z} Fo .

Case 2: n#0

Let S F, x. Consequently there are z1, x2 such that xi,29 - 2, S Fg, 21,
S Ek, 2, where k1, ks < n. Using the induction hypothesis, we have that there
exist finite nonempty subsets of S, S1 and Sa, such that S7 Fg, x1, Sa Fg, xa.
By lemma 5.2, we get S1 U Sy Fi, z1, S1 U Sy Fi, x2. Thus S; U Sy F, =,
S1 U Sy 7&@7 S1 U Sy is ﬁnite, Si1uUS,yCs. Od

Lemma 5.8 Let S = {a1,...,a,} U{b1,..., by} for somen,k >0 and S F z.
Leta=ay-...-ap,b=0>by-...-b;. Then a,bt x.

Proof. By induction on n we will prove that VnVx(S F, x — a,bF x).

Case 1: n =0

Let z € B, S Fg . We will prove that a,b - x. We have x € S. Without loss
of generality = a;. From a < a; by axiom (2), we obtain that a,a - a;. From
axiom (3) we get a,b - a. From here and a,a F a1 by axiom (4), we get that
a, bH aj.

Case 2: n#0

Let x € B and S F,, x. We will prove that a,b - x. There are x1, xo such
that z1,29 F x, S Fi, x1, S Fr, 22, where ki, k2 < n. Using the induction
hypothesis, we get a,b - z1, a,b - xzo. But zy1,29 b 2, so by axiom (4), we
obtain a,bF z. OO

6 Topological representation theory of ECA

Definition 6.1 Let B = (B, <,0,1,-,+,*,b,C,c°) be an ECA. A subset of B,
T, is an abstract point if the following conditions are satisfied:



1)1el

2)0¢T

3)a+bel wa€l orbel
4) a,bel, a,bFc—cel

Note that ultrafilters are abstract points.

Lemma 6.2 Let X be a topological space. For every n and for any by,..., b, €
RC(X), we have ClxIntx(byN...Nby,) =by ... by.

Proof. An induction on n.

en=1

ClxIntxb; = by because by € RC(X).

en—n+1

We will prove that Clx Intx (biN...Nbyt1) =b1-...bpt1. Let b =baN.. .Nbyy.
We will prove that Intx (b;Nb) = Intx (biNClxIntxb). We have Intx (byNb) C
Intxb and hence Intx (byNb) C ClxIntxb. We also have Intx (byNb) C byNb C
b1. Consequently Intx(by Nb) C by N ClxIntxb. Consequently Intx(b; Nb) C
Intx(by N ClxIntxd). Since by, ...,by41 € RC(X) and b=0baN...Nby41, We
have that b is closed. We also have Intxb C b, so ClxIntxb C b. Consequently
by N ClxIntxb C by Nb and hence Intx(by N ClxIntxb) C Intx(by Nb). Thus
I’ntx(blﬂb) = Intx(blﬂclxlntxb). ‘We have CZXIntx(blﬁb) = Clentx(blﬂ
Clxjntx(bg n... ﬂbn+1)) = Clx.[ntx(bl N (bQ et bn+1)) = b1 . (bg Caet bn+1).
O

Lemma 6.3 Let B = (B, <,0,1,-,+,%,,C,c°) be an ECA. Let A # 0, A C
B, a € B be such that A¥ a. Then there exists an abstract point T' such that
ACT anda ¢T.

Proof. We consider the set (M,C), where M = {P C B: AC P; a ¢
P; 2,y € P, z,y - 2z — z € P}. We will prove that (M, C) has a maximal
element I and T is an abstract point. Let Py = {t: A E t}. We will prove that
Py € M. Obviously A C Py and a ¢ Py. Let z,y € Py, z,y - z. We will prove
that z € Py. We have A F,, x and A F,, y for some n. Consequently A F, 1 z.
Consequently z € Py. Thus Py € M. We will prove that (M, C) has a maximal
element. Let L be a chain in M.

Case 1: L =10

P, is an upper bound of L.

Case 2: L# ()

We will prove that (JL € M. Obviously |JL € B, ACJL,a ¢ JL. Let
z,y € JL, z,y - z. We will prove that z € |JL. We have x € Py, y € P,
where Py, P, € L. Without loss of generality P; C P>. Thus z,y € Ps, x,y F z,
P, € M. Consequently z € P, and hence z € |JL. Consequently |JL € M.
Obviously |J L is an upper bound of L.

Thus (M, C) satisfies the Zorn condition. Consequently (M, C) has a maxi-
mal element I'. We will prove that T is an abstract point. We have A # ) and
hence a; € A for some a;. We have I' € M and therefore A C T, so a; € T.
From a; < 1 by axiom (2), we get that a;,a; - 1. We also have ' € M, ay €T,
solel.

Suppose for the sake of contradiction that 0 € I'. From 0 < a by axiom
(2), we obtain 0,0 F a. Consequently a € T' - a contradiction with I" € M.
Consequently 0 ¢ T.



Condition 4) from the definition of abstract point is satisfied for I' because
'eM.

Let x +y € I'. We will prove that £ € T' or y € T". For the sake of
contradiction suppose that {x} UT F a, {y} UT F a. From lemma 5.6 we have
{z+y} Ul Eqa, but {x+y}UT =T, so I' F a. Consequently there is a ng such
that I' F,,, a. By induction on n we will prove that
Vnvz(T E, z =2 €T) (1)

Case 1: n=0

Let x € B and I' kg . Obviously z € T'.

Case 2: n >0

Let x € B and I' F,, x. We will prove that x € I'. There are x1, x5 such that
r1,22 Fx, I' By, 1, I Fi, z2, where k1, k2 < n. By the induction hypothesis
and I' Fg, 1, I' F, 22, we get that x1, x0 € I'. We alsohavel' € M, x1,22 - z,
sozx el

Consequently (1) is true. We also have I" F,; a. Consequently a € T' - a
contradiction with I' € M. Consequently {z} UT ¥ a or {y} UT ¥ a. Without
loss of generality, suppose {z} UT # a. Let I = {z: {a}UT F z}. We will
prove that IV € M. Obviously I C B, ACT CTI". Since {} UT ¥ a, a ¢ T".
Let 21, 29 € TV, 21,29 b x5. We will prove that z3 € T". We have {z}UT E,, 21,
{z}UT E,, x4 for some n. Consequently {x}UT F, 1 3. Consequently x3 € I".
Thus I € M. We have I' C I, T' is a maximal element of (M,C), I" € M, so
I' =T and hence x € T'. Consequently I" is an abstract point. [

Theorem 6.4 (Representation theorem) Let B = (B, <,0,1,,+,x,,C,c°) be
an ECA. Then there is a compact, semiregular, Ty topological space X and an
embedding h of B into RC(X).

Proof. Let X be the set of all abstract points of B and for a € B, let h(a) =
{' € X: aeT}. Theset {h(a): a € B} can be taken as a closed basis for a
topology of X.

We will prove that h is an injection. Let a, b are different elements of B.
Suppose for the sake of contradiction that a,a F b, b,b F a. Using axiom (5)
of ECA, we get a < b, b < a and hence a = b - a contradiction. Without
loss of generality suppose a,a ¥ b. Thus using lemma 5.8, we obtain {a} ¥ b.
By lemma 6.3, there is an abstract point I' such that {a} C I and b ¢ T
Consequently I" € h(a), I ¢ h(b), i.e. h(a) # h(b).

From the definition of abstract point we obtain h(0) =0, h(1) = X.

Let a, b € B. We will prove that h(a+b) = h(a) + h(b). We have h(a+b) =
{TeX: a+beTl} ha)+h(d)={TeX: acT}u{lle X: beT}
Obviously h(a+b) C h(a)+h(b). Let T € h(a)Uh(b). Without loss of generality
suppose I' € h(a), i.e. I' € X and @ € I'. From a < a + b and axiom (2) we get
a,at a+b. But a €T and T is an abstract point, so a+b €T, soT" € h(a+b).

Let a, b, ¢ € B. Obviously a,b + ¢ implies h(a),h(b) F h(c). Suppose
that h(a),h(b) F h(c). We will prove that a,b F ¢. Suppose for the sake of
contradiction that {a,b} ¥ c¢. By lemma 6.3, we get that there is an abstract
point T" such that a,b € I, ¢ ¢ I'. We have I' € h(a) N h(b); h(a) N h(b) C h(c)
(since h(a), h(b) F h(c)); so T € h(c); so ¢ € T' - a contradiction. Consequently
{a,b} F c. By lemma 5.8, a,bF c.

Let a, b€ B. We have a < b <+ a,at b+ h(a),h(a) F h(b) +> h(a)Nh(a) C
h(b) +» h(a) C h(b).
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In a similar way as in [32] (Proposition 2.3.4 (1),(2)) we prove that h(a*) =
Clx(—h(a)), h(a) is a regular closed set for every a € B. Consequently X is
semiregular.

We have h(a.b) = h((a* 4+ b*)*) = (h(a)* + h(b)*)* = h(a).h(b) for all a,
be B.

Let a, b € B. Obviously aCb iff h(a)Ch(b).

Let a € B. We will prove that ¢°(h(a)) implies co(a). Let ¢°(h(a)).
b,c€ B,b#0, c#0,a=b+c. Wewill prove that b, c¥ a*. We have h(b) #
h(c) # 0, h(a) = h(b) + h(c), c°(h(a)). Consequently h(b) h(c) ¥ (h(a))*,
h(b), h(c) ¥ h(a*). Consequently b, c ¥ a*.

Let a € B. Let ¢°(a). Suppose for the sake of contradiction that —c°(h(a)).
Consequently there are b, ¢ € RC(X) such that b # 0, ¢ # 0, h(a) = bUc
and bN ¢ C h(a)* (proposition 3.1). b and c are closed, so b = (,c; h(b;), ¢ =
jes h(c;) for some sets I and J. Let A= {b;: i € [}U{c;: j € J}. Suppose
for the sake of contradiction that A F a*. Thus by lemma 5.7, we get that there is
a finite nonempty subset of A, A, such that A’ F a*. Let b;, € {b;: i € I}, ¢;, €
{¢j: jeJ}. Let A = {b;,,bi,, ..., b;, }U{cj,, Cjs, ..., ¢, } forsome k, [ > 1. Let
b =bi, -biy-... by, ¢ =¢j,-¢jy-. . .-cj,. From A’ E a* and lemma 5.2 we get that
{biy, bigy .. i} U{cjy, sy ooy ¢5, F FE a*. Using this fact, the definitions of o
and ¢’ and lemma 5.8, we obtain V', ¢ - a*. Suppose for the sake of contradiction
that b - @ = 0. Consequently h(b;,) - h(bi,) ... h(b;,) - h( ) = h(0) = (. Thus

Let

by lemma 6.2, we have ClxIntx(h(b;,) N h(bi,) N h(b;,) N h(a)) = 0, so
Intx (h(b;,) N h(biy) N ...N A(b;) N h(a)) = 0. We have h(a) = bUc and
therefore b = b N h(a ) Q h(bi,) N A(biy) N ... N A(b;) N h(a). Consequently

Intxb C Intx(h(b;,) N h(by) N ...N k(b ) h(a)) = 0, i.e. Intxb = 0. We
have b € RC(X) and from here b = ClxIntxb = Clx0 = 0 - a contradiction.
Consequently b - a # 0 (1). Similarly ¢ - a # 0 (2). We have h(a) = bUc C
h(bi, )Uh(cj,) forallm=1,...,k,n=1,...,l. Consequently a <b;, +c;, for
allm=1,...,k,n=1,...,1. Wealsohave b'+¢ = (b, -...-b;, )+ (cj,-...-¢;,) =
(biy +¢jy) oo (biy +ejy) oo (biy +¢5,) - .o+ (biy, +¢j,). Consequently a < b +¢'.
Thusa=(b'4+)-a=b-a+c - a(3). From ¥ -a <V by axiom (2), we have

b - a,b -a b (4). From axiom (3) we get b -a,c -alk - (5) From (5)
and (4) by axiom (4), we obtain b’ - a I— b (6). Slmllarly dabakd
and from here by axiom (1), we have b’ ~a,c -at ¢ (7). From (6), (7) and

b, ¢ a* we get, by axiom (4), that ¥’ - a,¢ - a F a* (8). From ¢°(a), (1), (2)
and (3) we obtain b - a,¢ - a ¥ a* - a contradiction with (8). Consequently
A ¥ a*. Thus by lemma 6.3, we get that there is an abstract point I'; such that
ACTy, a* ¢T4. Since A CT'y, we have b; € I'y for every i € I and ¢; € T'; for
every j € J. We also have that I'; is an abstract point, so I'1 € h(b;) for every
i €I and I'y € h(c;) for every j € J. Consequently I'y € b, I'y € c. We have
a* ¢ T'y,s0 1 ¢ h(a*). Thus bNe & h(a*), ie. bNe E h(a)* - a contradiction.
Consequently ¢°(h(a)). Consequently 4 is an embedding.

As in [32] (Lemma 2.3.6), replacing the notion of clan with abstract point,
we prove that X is a compact, Ty space. [

7 Concluding remarks

One of the motivations to introduce ECA is that its language is richer and makes
possible to express the predicate of internal connectedness of a region. Here we
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mention without proof some other things which can be expressed in its language
and also some things which are not expressible and need further extension.

It is known that the intersection of regular closed sets is not in general a
regular closed set. Let X be a topological space and for the elements of RC(X)
consider the relation: RCn(a,b) <> aNb is a regular closed set. Very probably
this relation is not expressible in contact algebras, but it is expressible in ECA
as follows: RCr(a,b) <> a,bk a-b.

Another interesting property which is expressible in ECA is related to the
existence or non-existence of cavities in a region, presenting a physical body.
Then the complement —a is an open set which is not connected. So connect-
edness of —a expresses that a has no cavities. This is expressible in ECA by
c®(a*).

If the internal part of a region is not connected then we cannot express the
number of its components. For that purpose we need a more general relation
between finite number of regions, which topological meaning is expressible in
RC(X) by the relation: aq,...,a, Fbiff a;z N...Na, Cb. Such relations for
all n are studied in the paper [31].

By this relation one can express also n-ary contact by Cy(aq,...,a,) iff
ai,...,ay ¥ 0, which is not expressible neither in contact algebras nor in ECA.

Acknowledgements. I thank Dimiter Vakarelov for giving me the idea that
the internal connectedness can be defined by the relation . I thank Philippe
Balbiani, Georgi Dimov and Dimiter Vakarelov for their valuable remarks which
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